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AbItnct-The response of an elastic medium to a ring-load pressure on the swface of a cy
lindrical cavity, having a harmonic time dependency is studied. Intearai representations of the
stress and displacement fields are obtained, and numerical results along a radial line emanating
from the point of load application are presented. The response is observed to occur due to
P-, S- and swface waves whose radiation depends on a critical forcing frequency. The dy
namic effect is represented finally by dynamic amplification factors, and the increased radial
penetration of the response is analyzed in terms of the radiation of the excited waves.

1. INTRODUCTION

The application of tractions to the surface of a bore contained in an elastic medium
has been the subject of investigation by several authors[I-6]. Analytic solutions for
statically applied radial pressures acting over a finite segment of the bore were given
in [1, 2]. More recently the static response of applied tractions, both pressure and
torsional loads, applied as a ring load was determined, and numerical results
presented[3] .

The dynamic response of a medium to a suddenly applied bore pressure loading
along the entire bore suIface was given by Selberg[4]. Later, Jordan presented the
solution to a similar dynamically applied pressure loading over a segment of the borerS].
In addition, the problem of an infinite medium containing a cylindrical elastic shell
undergoing dynamic axisymmetric deformations was considered in [6]. The steady
state response to a harmonically applied torsional line load was recently given by the
author[7].

In the present investigation we consider the problem of the steady-state response
of an elastic medium to a radial pressure ring load, having a harmonic time dependency
and applied on the surface of the bore. The response i-s necessarily more complex than
that of the preceding case, since both dilatational and equivoluminal effects enter into
the solution.

Integral representations for the displacement and stress fields are obtained, and
numerical results are given for the displacements and stress components along a radial
line emanating from the point of load application. Physical interpretations of the results
are presented, and the dynamic effect as measured by dynamic amplification factors
is studied. The'ie reveal that far greater radial penetration occurs in the dynamic case,
as compared to the corresponding static case, which may be attributed to the radiation
of outgoing P- and S-waves, as well as excited surface waves for certain ranges of
applied frequency.

The present problem is of interest, for example, in the field of hydraulic and for
mation fracture; fields in which considerable empirical results are available[8, 9], but
in which significant investigations are still required in order to obtain a more complete
understanding of the phenomena. Although the model represents a first approximation
to the actual in situ conditions, the results presented would appear to suggest that
dynamic application of pressure loadings, causing greater radial penetration, could lead
to larger regions of high stress level and, hence, larger zones of crack formation.

t Presently on leave. Current address: Laboratoire de Mecanique des Solides. Ecole Polytechnique,
911:!8 Palaiseau. France.
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2. GENERAL FORMULATION

Consider a cylindrical bore of radius r = a in a linear isotropic elastic medium
referred to a fixed nondimensional coordinate system (p = ria, e, ~ = va) whose origin
lies on the axis of the bore. A radial pressure, prescribed as a uniform line load along
a circle at z =r 0, is applied and acts harmonically in time with frequency w = 21ff
(Fig. 1). The stresses on the boundary p = 1 are then

(J'''T. = 0,

where 8(E) is the Dirac-delta function.
The axisymmetric displacements

(J're = 0,
(1)

u(p, E, t) = wk,. + ukT.

must satisfy the equation of motion for the elastic medium

where fA. and Aare the Lame constants, PD is the mass density, and where

a 1 a aV.-k + __ Ir +-k
ap" pae ae aE T..

(2)

(3)

(4)

Potential functions <I»(p, ~, T) and 'It(p, E, T) are defined such that the displacement
components are given, according to Helmholtz's theorem, by

w(p, ~) = Va (<I',p" - ~ 'It'PE)

u(p, ~) = Va [ <I"E + ~ (ljI,pp + ~p ljI,p) ]

(5a)

(5b)

(Derivatives are denoted by commas and subscripts, e.g. 'It,,. ;& a'V'lar, etc.) These
potential functions, valid for axisymmetric displacements, are a particular case of the
more general functions used by the author in [10].

Substituting eqns (5) in eqn (3), the potential functions must satisfy the wave
equations

where

T = C s tla

represents the nondimensional time, and where

[ ]

1/2

R == C IC = 2(1 - 1)
cps 1 - 21)

(6a)

(6b)

(6c)

(7)
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represents the ratio of the propagation speeds, Cp and Cs of P- and S-waves, respec
tively, in the medium.

Substituting eqns (5) in the elastic stress-strain relations, and using eqns (6), the
stresses are readily expressed in terms of the potential function. Explicit expressions
are given in [11].

The last boundary condition of eqn (1) is found to be satisfied identically, while
the first two become

R\ «1>,.... + 2fJ. (<<I>,pp - ! 'I',PPE) I = Pa &<E) e- IO
\

cap_I

1
2«1>,PE + - ('I"'M'P - 2 'I' ,EEp) Ip _ I = 0,

a

where

n = walCs

is the nondimensional frequency.

3. GENERAL SOLUTION

Using the integral representation for the Dirac-delta function[l2],

1 L""am = - cos aE da,
'IT 0

the boundary condition, eqn (8a), becomes

(8a)

(8b)

(9)

(10)
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The general steady-state solutions for the potentials representing outgoing waves,
and which are compatible with the boundary condition of eqn (11), are

where

"(p = (02/R~ - 0:2)112,

"($ = (02 _ 0:2)112,

(12a)

(12b)

(13a)

(13b)

and where H~l) is the Hankel function of the first kind of order n.
The arbitrary constants, C(a) and D(o:), are obtained by satisfying the boundary

conditions, eqns (8b) and (11) [For simpliflcation the superscript (1) is dropped here
and subsequently in writing the Hankel function, it being clearly understood that Hn(x)
• ~l)(x). Furthermore, for values at p = 1, the Hankel functions will be written here
and below using the following simplifled notation: H n • Hn("(p), H n • Hn ("($)']

C=
_ [a(20:2 - 02)Htl P

(14a)
2"",A '

D=
_ aa2"(pHt p (14b)

"""$ A '

where

(15)

Substitution of eqns (12) with the known constants in eqns (5) then yields the displace
ments, viz.

(16a)

(16b)

Similarly upon making the proper substitutions and algebraic manipulations the
following expressions are obtained for the stresses[ll]:
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(I7c)

(I7d)

It is now observed that 'Yp and 'Y.• , as defined by eqns (13), are either real or imaginary,
depending on the value of the ratios R~a2/02 and a2/02, with respect to unity. Thus
we may distinguish three subranges: (a) 0 < a < 02IR~; (b) 021R~ < a2 < 0 2 ; (c) 0 2

< a2 < 00. (It is noted that from its definition, Rc <!: Vi.) In the first range, both 'Ys
and 'Yp are real; in the ,econd, 'Ys is real, while 'Yp is imaginary; in the latter range, both
'Ys and 'Yp are imaginary. It therefore becomes particularly useful to subdivide the infinite
range into the above three subranges; this will become especially essential in inter
preting the subsequent results.

To this end, we note the relation[13]

K,.(x) = ! el12("+ l)'lTi H~l) (u),
2

where K,.(x) is the modified Bessel function of order n.
We first define the nondimensional parameter

(18)

q = alO (19)

and let

~p = Obp , (20a)

~s = Obs, (20b)

where

11 r12

bp = 3 - qZ , (21a)

bs = 11 - qZ 1112 (21b)

Expressions for the displacements component Uj (w or u) and the stress components
(Jij are then written in the following form for v = 0.25. (For simplification, all subsequent
expressions and results are given with v = .25. For this value Rc = )3.)

where

11.11- 0 (L I/Y3 f<al ~I f(bl ~"" f(Cl )r--1 Iti Ui "I -iO,.P =;- 0 A (al dq + I/Y3 A (b) dq + I A (c) dq e ,

(J/·a n (L I/Y3
fIll) ~I f~l;l) ~"" f<JC) )) I) IJ i -iO,.P =;- 0 A (a) dq + ItY3 A(b) dq + I A(c) dq e ,

(22a)

(22b)

A(kl = -20q2bsbpG~\)(~s> ~p) - ~(2q2 - l)2F\1l<~s, ~p)

+ bpFW(~s, ~p), k = a, b, c, (23)
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and where fl:') and njl (k a. b. c) are the numerators of the integrands for the
various quantities expressed in terms of F~~ and G~~~. which denote (in each region
k = a. b. or c) the following combinations of Hankel andlor Bessel functions:

F~~ (x. y) = Hm(x)H,,(y), F~h (x, y) = -Hm(x)K,,(y),

F~~ (x, y) = Km(x)K,,(y). m = O. 1; n = O. 1. (24)

G~~ (x, y) = Hm(x)H,,(y). G~h (x. y) = - Hm(x)K,,(y).

G~~ (x, y) = - Km(x)K,,(y). m = O. 1; n = O. 1. (25)

Explicit expressions for the integrand functions f 14/ and fij representing the dis
placement and stress components, respectively, are given in terms of Fmn and Gmn in
the Appendix.

From eqns (22)-(25) and the integrand functions f, we observe that while the
integrals in the regions (a) and (b) represent complex quantities, the integrands in 1 <
q < 00 are always real.

The solution to the problem as given by the integral representations of eqns (22)
(with the integrands given in the Appendix) is formally complete. Due to the character
of the integrands, these integrals are evaluated numerically. (It is observed that possible
integration in the complex plane, using residue theory, would lead in any case to a
numerical integration of the resulting branch integrals which are due to the multivalued
character of the Hankel functions.)

In performing the integrations it is noticed that singularities arise in the given
Hankel and Bessel functions at the points q = 11./ 3 and q = I, as well as in the
integrands at points q = qR which represent roots of A(q) = O.

At q = 1/./ 3 and q = 1 (where 13p --+ 0 and 13s --+ 0, respectively), the Hankel
function and modified Bessel functions approach infinity. Upon using series represen
tations as the relevant arguments approach zero, and performing the limiting process
on the expressions fu/A and fijiA in the appropriate regions, the integrands appearing
in eqns (22), as defined in eqns (23) and eqns (Al)-(A6), are found to be finite, thus
possessing, in effect, removable singularities.

On the other hand. the vanishing of A at q = qR leads to a nonremovable singularity
in the integrand at this point. An examination of eqn (23) reveals that the roots qR >
1, Le. they fall in the region previously denoted as region (c). Written explicitly, the
vanishing of A(c) becomes

(26)

which, with appropriate changes of notation, is recognized as the same equation ob
tained by Biot[l4] in his study of waves propagating along a bore. The contributions
arising from these singularities represent surface waves (similar to Rayleigh waves),
and are discussed in the next section.

No particular difficulty results due to this singularity, since it arises due to a simple
zero of A. As the remaining parts of the integrands are well behaved in the neighborhood
of q = qR, the integrals of region (c) are evaluated in the sense of Cauchy's Principal
value, Le.

P.Y. ('''' f(q) dq = lim ( (qR-
e

f(q) dq + ('" f(q) dq) . (27)
JI e--O JI JqR+E
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Finally, convergence of the integrals as q - 00, and the numerical integration of
the indefinite integral over the infinite range must be treated. For q ~ 1 and q ~ G,
the integrals are evaluated asymptotically following a procedure used in a previous
investigation[7]. Asymptotic results using this procedure are again given in [11].

4. INTERPRETATION OF ANALYTICAL EXPRESSIONS AND NUMERICAL
RESULTS

(a) Interpretation ofanalytical expressions
In anticipation of the numerical results presented below, it is worthwhile to ex

amine first the general integral expressions for the displacement and stress components
given by eqns (22) and (23), together with the integrands given by eqns (Al)-(A6).
From these equations we note that the desired quantities, in general, are expressed in
terms of three integrals. Moreover, from the definition of the integrand functions, the
integrals are seen to have the following dependencies in the three regions a, b and c:

Is - H~l) (13sp), H~l) (13PP),

Ib - H~1) (13sp), Kn (13pp) ,

Ie - Kn (13sp), Kn(13pp).

Recalling that the H n functions represent sinusoidal functions decaying as P- 112,

and that the Kn functions decay monotonically, we conclude, upon examinina the prod
uct of these functions with exp(:'" iGT), that the complex Is integrals represent radiating
p- and S-waves; the complex I b integrals represent radiating S-waves only, and that
the real Ie integrals contribute no radiating P- or S-waves. This character of the solution
and corresponding contributions to the response are represented schematically in Fig.
2.

It is of importance to consider also the propagation of waves in the z-directions
with phase velocity C. We first note that the terms (cos aE) e- IO,. or (sin aE) e- IOT

represent the propagation of waves of wavelength

~ = 2'ffa/a,

(a)
I

(b)
I

(c)
I I
I I
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Fig. 2. Response contributions.

(28)



80 R. PARNES

1J0r--------,.-----......-------.,..--------.-----.....,
q"oC,1l:

Q.02.0685

q. 01.08766

11 0 0.25

1.08

1.06

1.04

1.02

1.0 ':::-_~--_:::'_:~----:_=_::----_:::'''::_----~::__---_=_=_:!o 10.0 15.0 20.0 25.0

Fig. 3. Dispersion curve of surface waves.

which propagate with respect to the z-direction with a phase velocity C = fA, where
f is the forcing frequency of the steady-state solution. The integral representation may
then be considered as the sum of wave contnbutions of varying wavelength from A-+

00 (a = 0) to A = 0 (a -+ 00). From the definitions 0 = walCs and Rc = CplCs (here
Rc = j3), and taking into account the definitions given in eqns (20) and (21), we
conclude that, in effect, q = CsIC. Hence, the P-waves propagate with a phase speed
C> Cp , and S-waves propagate with phase speed C > CS ' Waves with wavelength A
< 2'lra/fi thus cannot propagate as P- or S-waves; this is revealed by the representation
of the Ie integrals which consist of radially decaying distribution patterns.

The behavior resulting from the singularity of the integra,nds arising at the point
q = qR > 1 [given by the real roots of eqn (26)], remains to be considered. As was
previously noted, the singularities of these integrands correspond to surface waves
which propagate along the bore surface. The root qR > 1 corresponds, therefore, to a
wave propagating with phase velocity C < CS' The real roots qR of eqn (26) were
obtained numerically for parametric values of 0, and are presented in Fig. 3. Thus,
since qR = qR(O), the resulting surface waves are dispersive in contradistinction to
nondispersive Rayleigh waves on a plane surface. We observe that the roots fall in the
range 1 < qR < 1.08766. The upper bound (which corresponds also to a -+ 00), in fact,
represents the propagation of Rayleigh surface waves with v = 0.25. We observe, too,
that there exists a cutoff frequency 0 = 00 = 2.0685 given by the root of the equation

2 j(2I3) KI(O j2/3) = 0 Ko(O j2/3), (29)

which represents the limiting equation of eqn (26) with q = 1. This result agrees with
the fact that the surface phase-speed C can never be greater than Cs. A physical in
terpretation of this result is given, e.g. in [15]. (This cutoff was obtained in different
form by Biot[14]).

Thus for all frequencies 0 < 0 < 00, no singularities will exist in the integrals Ie.
Physically, this signifies that for forcing frequencies in this range, no surface waves
will be excited. Conversely, for any given forcing frequency n > 00, a surface wave,
of length A = 2'lralqR O, will be excited and will propagate with phase speed C = Cs/
qR. Such a wave, corresponding to free propagating surface waves, contributes a res
onance-type effect which is reflected by the singular behavior of the integrands at q
= qR. Naturally, given the continuous spectrum of wave summations, true resonance
does not take place.

(b) Numerical results
Results of particular interest are those which measure the penetration of the re

sponse into the medium. Consequently, curves are presented for the nonvanishing
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displacement and stress components along the radial line, E= 0, emanating from the
point of load application.

Since the total response is composed, as discussed above, in terms of complex
quantities, significant results for the steady-state response are given in terms of the
amplitudes of displacements and stresses, 1.1.1 Ui liP, a I aij liP. Numerical results
for the radial displacement amplitude I w Iand nonvanishing stress components Ia rr I,
I aeel and 1au I along the radial line are presented in Figs. 4-7 as a function of the
radial di'stance p for a relatively low value of n, n = 2, and for a large value, n =
10. The displacement and stresses are observed to be very large in the neighborhood
of the applied load and to decay rapidly with increasing p. t For the low-frequency case,
n = 2.0, the decay is seen in all figures to be monotonic (and similar to the static
response given in [3]), while for the high-frequency case, the curves show, in general,
an oscillating decay. It is observed that I w I is larger for the smaller value of n, while
the opposite is true for the stress components; i.e. higher frequencies tend to produce
higher stresses. (A similar pattern ofbehavior was noted for the simpler case of torsional
loads given in [7].)

Of particular interest is a comparison of the dynamic behavior with the corre
sponding static behavior given in [3]; this is most effectively represented by means of
the ratio of dynamic response to static response, viz. the dynamic amplification factors
I wDlws I and I aij,Dlaij,s I. These ratios are presented in Figs. 8-11.

t The results presented. obtained using a numerical integration procedure. are valid in general to three
places for p > 1.2. In the region of the applied load, as p --+ I, singularities arise due to the slow convergence
of the integrals with large values of q. Such singularities have been previously found, and their strengths
determined in the corresponding static case[l6]. Results as p --+ I. appearing in Figs. 4-7, could only be
evaluated to lesser accuracy. and are therefore shown as broken lines. Details of the numerical computations
are given in [II].
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In Fig. 8, I wDlws I is shown as a function of the nondimensional frequency n for
four values of p: p = 1.5, 2.0, 3.0 and 4.0. It is observed that the ratios start at n =
ofrom unity,* reach a peak in the vicinity of n ... 1 and decay smoothly for all values
ofn < 00. At the point 0 = 00 the response changes behavior, as reflected either by
a cusp in the curve (for lower values of p), or by a new peak (for points farther away

0.

Fig. 10. Dynamic amplification factor for aee-

*In a sense, this result provided a numerical check on the dynamic calculations, since the static response
taken from [3] was based on independent calculations and algorithms.
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from the bore suIface). This abrupt change in response patterns at a = 00 is clearly
due to the sudden excitation of suIface waves, as discussed previously. For increasing
values of 0, the displacement dynamic amplification factor is observed, for all field
points p, to exhibit an oscillatory decay to values less than unity. It should be noted,
however, that in general the amplification factors still increase with larger values of p.

The stress amplification factors IUiJ.D/(SiJ,s Iare similarly presented in Figs. 9-11
as a function of a. Here the curves all increase monotonically with a up to n = 00.
At this value, an abrupt change in behavior again occurs due to the introduction of the
suIface wave response. As opposed to the displacement curves, which tend to decay
with increasing 0, thereby showing a dynamic attenuation effect for large 0, the stress
curves show an amplification effect.

The essential feature of the stress-amplification curves is the increasingly greater
ampliffcation for increasing values of p. This feature is reflected in all the stress curves.

5. DISCUSSION AND CONCLUSIONS

From the results presented, we observe that the spatial distribution of the dis
placement and stress components, due to the application of time-harmonic pressures
with low frequencies, approach those existing in the corresponding static case, while
for higher forcing frequencies, nonmonotonically decaying distributions occur. In all
cases, however, curves for the dynamic amplification factors, as expected, approach
unity for a - o.

For all governing parameters, the dynamic effect, both for displacement and
stresses, becomes stronger with larger values of p. Thus the dynamic effect causes the
radial penetration of the response to increase significantly. The interpretation of the
analytic expressions given in the previous section leads readily to an explanation of
this phenomenon. For relatively large values of p, the static solution is increasingly
small, as reflected by an exponentially decaying pattern. On the other hand, the dynamic
response consists of radiating P- and S-waves, which decay as p- 1/2. The ratio of the
dynamic to static response will therefore necessarily increase with p; hence, far greater
radial penetration due to the dynamic effect.

The variation of the response with forcing frequency shows that for increasingly
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higher frequencies, the displacement at a given field point becomes increasingly at
tenuated, while the stress response is amplified.

Practical implications of these results lead to the conclusion that in order to increase
the region of high-stress values, it is preferable to apply pressures to the bore surface
with increasing high frequencies. Within such regions it should be possible, using ap
propriate failure criteria, to delineate effective zones of crack formation in the medium.
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APPENDIX: EXPRESSIONS FOR INTEGRANDS f APPEARING IN INTEGRAL
REPRESENTATIONS OF DISPLACEMENT AND STIlESS COMPONENTS, EQN (22)

Integral representations for the nonvanishing displacement and stress components are given below for
each region: (a) 0 < q < 1Ij3; (b) 1Ij3 < q < 1 and (c) 1 < q < 00.

Using the definitions of eqns (19)-(21), (24) and (25), the integrand functions f Ui and fij for the dis
placement and stress components, respectively, are given as follows in each of the above regions, k == a, b
or c:

f\:l == bp [i (2q2 - I)FW (13.. I3pP) - q2F\~) (l3.p, I3p)] cos(O~q).

nk) == q U(2q2 - 1)F\ll (13.. I3pP) + b.bp GIN <13.p. I3p)] sin(O~q),

f~l == { _(2q2 - I) U(2q2 - 1)OF\ll (13., I3pP) + ~ FW (13.,l3pP)]

+ 2q2bp [; F\kr' (l3.p, I3p) - Ob.GIN (l3.p, I3p)]} cos(O~q),

fW == {(2q2 - I) [~ F\~ (13.. I3pP) + ~ F\~) (13•• I3pP)]

2 2b }-7 F\~) (l3.p, I3p) cos({}~q),

n~l == 0 [i (1/3 + 2q2) (2q2 - 1)F\1I (13.. 13pp) + 2q2 b.bpGlN (I3.P,13p)] cos(O~q),

fW == Obp q(2q2 - I) [F\~l (13,p. 13p) - F\kr' (13.. I3pp)) sin(O~q).

(AI)

(A2)

(A3)

(A4)

(AS)

(A6)


